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We discuss theoretically the local density of states (LDOS) of a graphene sheet hosting two
distant adatoms located at the center of the hexagonal cells. By putting laterally a Scanning
Tunneling Microscope (STM) tip over a carbon atom, two remarkable novel effects can be detected:
i) a multilevel structure in the LDOS and ii) beating patterns in the induced LDOS. We show
that both phenomena occur nearby the Dirac points and are highly anisotropic. Furthermore, we
propose conductance experiments employing STM as a probe for the observation of such exotic
manifestations in the LDOS of graphene induced by inter-adatoms correlations.
PACS numbers: 72.80.Vp, 07.79.Cz, 72.10.Fk
Introduction.- A graphene is a genuine two-dimensional
(2D) monolayer system formed by carbon atoms packed
into a hexagonal honeycomb lattice [1–3]. A remarkable
feature of such a system is the existence of Dirac cones
at the corners of the Brillouin zone in its band struc-
ture, similar to those appearing in the relativistic dis-
persion of a massless particle. Consequently, graphene
based systems provide appropriate conditions for emula-
tion of relativistic phenomena in the domain of condensed
matter physics. Interestingly enough, the appearance of
quasi-relativistic massless Dirac fermions have been re-
ported also in bulk molecular conductors [4] and topo-
logical insulators [5]. Recent experimental and theoret-
ical works demonstrated the possibility of effective con-
trollable adsorption of single magnetic impurities, the so-
called adatoms, by an individual graphene sheet [6–8]. To
explore the physical properties of such adatoms as well
as their effects on the properties of the host, Scanning
Tunneling Microscope (STM) technique has been recog-
nized as the most efficient experimental tool [9]. An STM
setup consists of a metallic tip capable of detecting the lo-
cal density of states (LDOS) via differential conductance
measurements.
Notably, the tip perceives a fascinating phenomenon
involving electronic scattering by impurities, known as
Friedel oscillations, which appears in the conductance
signal as a damped oscillatory pattern when the tip po-
sition is varied [10, 11]. The properties of magnetic
adatoms in graphene have been addressed theoretically
within the framework of the single-impurity Anderson
Hamiltonian [12] for two contrasting thermal limits (TK
refers to the Kondo temperature): i) T  TK , where the
mean-field Hartree-Fock approach is applicable [13, 14],
and ii) T  TK , a regime governed by the formation
of the Kondo cloud for which the role of strong correla-
tion effects becomes crucial [15–17]. For the latter, by
adding an extra adatom to the host, an interesting ef-
fect emerges: the effective exchange coupling of localized
spins exhibits the swap of its sign as the inter-adatoms
separation is changed. This is because the exchange be-
Figure 1. (Color online) (a) Two adatoms labeled by 1 and 2
are placed far apart at the center of the hexagonal cells for a
given inter-adatoms distance d along the zigzag and armchair
directions. The shaded adatoms represent a larger separation
between the adatoms 1 and 2. In panels (b) and (c), the
graphene LDOS at rs (s = A,B) can be probed by an STM
tip in the zigzag and armchair directions.
tween the localized spins is mediated by conducting elec-
trons undergoing Friedel oscillations. Such mechanism
forms the basis of the RKKY interaction, which in the
case of graphene becomes strongly anisotropic [18–21].
In this Letter, employing the two-impurity Ander-
son Hamiltonian, we predict the formation of a multi-
level structure in the local density of states (LDOS) of
graphene and beats in the induced LDOS in the vicinity
of the Dirac points as the aftermath of the inter-adatoms
correlations mediated by conducting electrons. To ensure
the full absence of spin related phenomena provided by
Kondo antiferromagnetic screening, we consider a non-
magnetic host and work in the regime T  TK . In doing
so, we can safely focus on the regime where only charge
fluctuations for the two adatoms placed far apart on the
graphene sheet are relevant, cf. Fig. 1(a). Such fluctua-
tions can be probed with an STM tip placed over a site
of the sublattice A or B (see Figs.1(b) and (c)) and result
in the beating patterns in the induced LDOS to be dis-
cussed below. Given the discrete nature of the graphene
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2lattice we can measure the characteristic lengths by em-
ploying discrete indices, as follows: m for inter-adatoms
separations and p designating the STM tip position (see
Fig. 1(a)). We have found that to obtain the pronounced
multilevel structure and distinct beating patterns, the
constraint m = 2p for p  1 should be fulfilled [22].
Additionally, we have found that the beats are highly
anisotropic, having different dependence along the zigzag
and armchair directions. Our results point out that the
LDOS is still sensitive to impurities separated by large
distances, thus revealing that graphene is a suitable host
for the observation of long-range interactions between
adatoms.
The model.- To give a theoretical description of a such
setup, the model based on the two-impurity Anderson
Hamiltonian treated in frameworks of Hubbard I approx-
imation is developed. The Hamiltonian of the system
reads:
H2D = −t
∑
kσ
[φ(k)a†kσbkσ + H.c.] +
∑
jσ
Ejdσd†jσdjσ
+
∑
j
Undj↑ndj↓ + [
2∑
j=1
Vj√N
∑
kσ
e−ik·Rj (φ∗(k)a†kσ
+ φ(k)b†kσ)djσ + H.c.], (1)
where φ(k) =
∑3
i=1 e
ik·δi , δ1 = aex and δ2,3 = a2 (−ex ±√
3ey) are the nearest neighbor vectors for adatoms
placed at the center of the hexagonal cells and a ∼ 1.4 A˚
is the side length. The surface electrons forming the host
are described by the operators a†kσ (akσ) and b
†
kσ (bkσ)
for the creation (annihilation) of an electron in a quan-
tum state labeled by the wave number k and spin σ re-
spectively in the sublattices A and B. For the adatoms,
d†jσ (djσ) creates (annihilates) an electron with spin σ in
the state Ejdσ, with the index j = 1, 2. The third term
in Eq.(1) accounts for the on-site Coulomb interaction U ,
with ndjσ = d
†
jσdjσ. Finally, the last term mixes the host
continuum of states of the graphene and the discrete lev-
els Ejdσ. This hybridization occurs at the impurity sites
via the coupling
Vj√N e
−ik·Rj , withN being the total num-
ber of states, connected to the density of states (DOS)
per particle for graphene D0 = Ω02Npi |E|(~vF )2 =
|E|
D2 , where
Ω0 is the unit cell area, vF is the Fermi velocity and D
denotes the band-edge [13, 14].
To determine the density of states (DOS) of the
adatoms at the sites Rj in the host, we should calcu-
late the Green’s functions G˜djσdlσ (j, l = 1, 2), DOSσjj =
− 1piIm(G˜djσdjσ ). To this end, the Hubbard I approxima-
tion can be used [23, 24]. This approach provides reliable
results away from the Kondo regime. We start employ-
ing the equation-of-motion (EOM) method to a single
particle retarded Green’s function of an impurity in time
domain
Gdlσdjσ = −
i
~
θ (t) Tr{%2D[dlσ (t) , d†jσ (0)]+}, (2)
where θ (t) is the Heaviside function, %2D is the density
matrix of the system described by the Hamiltonian [Eq.
(1)] and [· · · , · · · ]+ is the anticommutator between op-
erators taken in the Heisenberg picture. Performing ele-
mentary algebra one obtains in the energy domain:
(E+ − E ldσ)G˜dlσdjσ = δlj +
∑
l˜
Σl˜lG˜dl˜σdjσ
+ UG˜dlσndlσ¯,djσ , (3)
where E+ = E + i0+ and the self-energy given by
Σl˜l(ll˜)(d) =
2VlVl˜
N
∑
k e
∓ik·d E+|φ(k)|2−tRe
[
φ(k)3
]
E+2−t2|φ(k)|2 , with
d = Rl˜ −Rl.
In the equation above, G˜dlσndlσ¯,djσ denotes a two par-
ticle Green’s function composed by four fermionic oper-
ators, obtained by Fourier transform of
Gdlσndlσ¯,djσ = −
i
~
θ (t) Tr{%2D[dlσ (t)ndlσ¯ (t) , d†jσ (0)]+},
(4)
where σ¯ = −σ and ndlσ¯ = d†lσ¯dlσ¯. In order to close the
system of the dynamic equations, we obtain the EOM for
the Green’s function given by Eq.(4), which reads:
(E+ − Eldσ − U)G˜dlσndlσ¯,djσ = δlj < ndlσ¯ > +
Vj√N
×
∑
ks
[−φs|Rl(k)G˜c†skσ¯dlσ¯dlσ,djσ + φ
∗
s|Rl(k)(G˜cskσd†lσ¯dlσ¯,djσ
+G˜d†lσ¯cskσ¯dlσ,djσ )], (5)
where the index s = A,B marks a sublattice, cAkσ =
akσ and cBkσ = bkσ, φA|Rl(k) = e−ik·Rlφ∗(k) and
φB |Rl(k) = e−ik·Rlφ(k), expressed in terms of new
Green’s functions of the same order of G˜dlσndlσ¯,djσ and
the occupation number
< ndlσ¯ >= −
1
pi
ˆ +D
−D
nF (E)Im(G˜dlσ¯dlσ¯ )dE , (6)
where nF (E) is the Fermi-Dirac distribution. By em-
ploying the Hubbard I approximation, we decouple the
Green’s functions in the right-hand side of Eq.(5), as
follows: G˜c†skσ¯dlσ¯dlσ,djσ '< c
†
skσ¯dlσ¯ > G˜dlσdjσ and
G˜d†lσ¯cskσ¯dlσ,djσ '< c
†
skσ¯dlσ¯ > G˜dlσdjσ , where we have used∑
ks φ(k)e
−ik·Rl =
∑
ks φ
∗(k)eik·Rl . As a result, we find
(E+ − Eldσ − U)G˜dlσndlσ¯,djσ = δlj < ndlσ¯ >
+
Vj√N
∑
ks
φ∗s|Rl(k)G˜cskσd†lσ¯dlσ¯,djσ .
(7)
To complete the calculation, we need to determine
G˜cskσd†lσ¯dlσ¯,djσ . Once again, employing the EOM ap-
3proach for G˜cskσd†lσ¯dlσ¯,djσ , we obtain
E+G˜cskσd†lσ¯dlσ¯,djσ = −tφs¯|Rl=0(k)G˜cs¯kσd†lσ¯dlσ¯,djσ
+
∑
qs˜
Vl√N φ
∗
s˜|Rl(q)G˜cskσd†lσ¯cs˜qσ¯,djσ
+
∑
j˜
Vj˜√N φs|Rj˜ (k)G˜dj˜σndlσ¯,djσ
−
∑
qs˜
Vl√N φs˜|Rl(q)G˜c†s˜qσ¯dlσ¯cskσ,djσ ,
(8)
where s¯ = A,B respectively for s = B,A as labels to cor-
relate simultaneously distinct sublattices, while s˜ = A,B
runs arbitrarily. For the sake of simplicity, we take
the limit U → ∞ and continue with the Hubbard I
scheme by making G˜cskσd†lσ¯cs˜qσ¯,djσ '
〈
d†lσ¯cs˜qσ¯
〉
G˜cskσdjσ ,
G˜c†s˜qσ¯dlσ¯cskσ,djσ '
〈
d†lσ¯cs˜qσ¯
〉
G˜cskσdjσ and G˜dj˜σndlσ¯,djσ '
〈ndlσ¯〉 G˜dj˜σdjσ in Eq.(8), which in combination with
Eqs. (3) and (7) results in
G˜djσdjσ =
1− < ndj σ¯ >
E − Ejdσ − Σ˜σjj
, (9)
where
Σ˜σjj = Σjj + λ
σ¯
jj¯
Σjj¯(d)Σj¯j(d)
E − Ej¯dσ − Σj¯j¯
(10)
is the total self-energy, λσ¯
jj¯
= (1 − 〈ndj σ¯〉)(1 − 〈ndj¯ σ¯〉),
with j¯ = 1, 2 respectively for j = 2, 1 as indexes to cor-
relate distinct adatoms and
G˜djσdj¯σ = (1− < ndj σ¯ >)
Σj¯j(d)G˜dj¯σdj¯σ
E − Ejdσ − Σjj (11)
accounting for the crossed Green’s function.
In the vicinity of the Dirac points K± =
2pi/3a(1,±1/√3) we obtain t|φ(k)| = ~vF k and for
adatoms equally coupled to the graphene host (V1 =
V2 = V), we determine the following self-energies [14],
Σ11 = Σ22 = −2 V
2
D2
[
E
t2
(D2 + E2 ln
∣∣∣D2 − E2E2 ∣∣∣)
+ ipi
|E|3
t2
θ(D − E)] (12)
and
Σ12(21)(d) = (e
∓iK+·d + e∓iK−·d)
pi
i
V2
D2
|E|3
t2
H
(1)
0
(E|d|
~vF
)
,
(13)
where H
(1)
0 stands for the zeroth-order Hankel function
of the first kind. The expression is valid in the range of
small energies where |E|  D and for distant adatoms
characterized by the ratio |E|d|~vF |  1 [10]. To obtain the
host LDOS probed by the STM tip of Fig. 1 we introduce
the retarded Green’s function in time coordinate, which
reads
Gσ(rs, t) = − i~θ (t) Tr{%2D[Ψ˜σ(rs, t), Ψ˜
†
σ(rs, 0)]+}
(14)
with
Ψ˜σ(rs) =
1√N
∑
k
eik·rscskσ (15)
as the field operator accounting for the quantum state
of the graphene site placed right beneath the tip, with
s = A,B designating the sublattices of the system, thus
resulting in cAkσ = akσ and cBkσ = bkσ. Therefore, the
LDOS at a site rs of the host can be obtained as
LDOS(rs) = − 1
pi
Im[G˜σ(ε+, rs)], (16)
where G˜σ(ε+, rs) is the time Fourier transform of
Gσ(t, rs). Then by applying the equation of motion
(EOM) on Eq. (14), one can show that LDOS(rs) =
D0 + ∆LDOS(rs) = D0 +
∑
jl ∆LDOSjl(rs), with
∆LDOS(rs)jl = −(piV2D20)Im[(qjr − iFjr)G˜djσdlσ
× (qrl − iFrl)] (17)
describing the renormalization of the LDOS by the
adatoms. It depends on the graphene site rs as out-
lined in Figs. 1(b) and (c), where s = A,B denotes the
type of sublattices of the system, qjr =
1
piV2D0 ReΣjr(dj)
describes the Fano parameter of interference [25] and
Fjr = − 1piV2D0 ImΣjr(dj) gives rise to the Friedel os-
cillations in the graphene sheet, where dj = Rj − rs
and rs 6= Rj . The LDOS(rs) is spin-independent since
graphene is not ferromagnetic. As a result of substitut-
ing Eqs. (9) and (10) into Eq. (17), we show that the
diagonal term l = j leads to
∆LDOSjj(rs) = a(dj)
| qjrFjr |2 − 1 + 2ξjRe(
qjr
Fjr )
ξ2j + 1
(18)
as the contribution arising from the jth adatom obeying
the Fano-like expression of Ref. [26], in which a(dj) =
(1− < ndj σ¯ >)piV
2D20
∆jj
|Fjr|2, ξj = E−(Ejdσ+ReΣ˜
σ
jj)
∆jj
and
∆jj = −ImΣ˜σjj . It is worth mentioning that the couple of
Eqs. (17) and (18) constitutes the main analytical find-
ings of this work: for two adatoms far apart, the LDOS
signal captured by the STM probe is mainly ruled by the
interference between two scattered waves shaped by Fano-
like forms following Eq. (18).
4Figure 2. (Color online) LDOS(rA) as a function of energy
for the armchair direction: a multilevel structure emerges.
Results and Discussion.- The system of the dynamical
equations we have obtained allows us to investigate the
effect of a pair of correlated impurities on the LDOS of
graphene host. Our approach is valid for T  TK and
within a range of temperatures where we can safely de-
fine the Heaviside step function in Eq. (6) for the Fermi-
Dirac distribution nF (E). This assumption was previ-
ously considered in Ref. [27]. The relevant parameter of
the model which strongly affects the beating pattern is
the Fermi velocity in the Dirac point, vF =
3
2
at
~ [2, 3].
For an individual graphene sheet in vacuum it is equal ap-
proximately to c/300, where c denotes the speed of light.
Note, however, that recently it was proposed that the
tuning of the Fermi velocity can be achieved experimen-
tally by changing the dielectric constant in the substrate
of the graphene sheet [28]. In our calculations we have
adopted V = t = 0.1D (it corresponds to vF ∼ c1200 )
and E1dσ = E2dσ = −0.09D, with D = 7 eV as the
graphene band-edge [13, 14], R1 = 0 and R2 = d to
set the displacement of the second adatom with respect
to the first by following d =
√
3maey and d = 3maex,
respectively for the zigzag and armchair directions, with
m = 1, 2, 3, . . . as an integer number. In the case of the
displacement of the STM tip along the armchair direc-
tion, we have found rA = (1 + 3p)aex for sites in the
sublattice A and rB = (2 + 3p)aex for those in the sub-
lattice B. Similar analysis for the zigzag direction leads
to rA =
√
3
2 (1 + 2p)aey and rB =
√
3
2 (2p)aey, respec-
tively for sublattices A and B. In both directions, we
have the index p = 0, 1, 2, . . . . We have found that by
imposing the constraint m = 2p for p  1, the pres-
ence of two extremely distant adatoms still affects the
graphene LDOS giving rise to an anisotropic multilevel
structure and beating patterns. In our analysis, we have
used the value p = 35. Such a choice leads to |d| ∼ 294 A˚,
|rA| ∼ 148 A˚, |rB | ∼ 150 A˚ and |d| ∼ 167 A˚, |rA| ∼ 60 A˚,
|rB | ∼ 59.5 A˚, respectively for the armchair and zigzag
directions.
In Fig.2, we show the behavior of the LDOS(rA) =
D0 + ∆LDOS(rA) for the armchair direction as a func-
tion of energy E . Above and below (not shown) K±
(Fermi level), the total LDOS presents a resolved mul-
tilevel structure, cf. Fig. 2. The LDOS for pure graphene
Figure 3. (Color online) Beating pattern in the LDOS cor-
responding to the armchair placement of the impurities for
sublattices A (panel (a)) and B (panel (b)). Note the pres-
ence of a sharp Fano lineshape corresponding to the presence
of the localized states (inset of the panel (a)).
Figure 4. (Color online) (a) ∆LDOS(rA) as a function of
energy for the zigzag placement of the impurities for sublat-
tices A (panel (a)) and B (panel (b)). Note that although the
multilevel structure is clearly seen the beats are absent.
is represented by the dotted-green line. The correspond-
ing profile for sublattice B as well as those in the zigzag
direction are very similar to Fig. 2 and are not presented
here. Interestingly enough, the noise within the experi-
mental data of the differential conductance reported for
the epitaxial graphene embedding atomic defects is rem-
iniscent of the multilevel structure obtained theoretically
in the frame of this work (see panels (j) to (m) of Fig. 3
in Ref. [29]). Particularly for this system, the intervalley
scattering is recognized by the authors as the underlying
mechanism for this feature. In which concerns the setup
of Fig.1, the multilevel behavior lies on the Fano inter-
ference assisted by a couple of adatoms as the expression
for LDOS(rs) and Eq. (18) ensures.
Thus by subtracting the background D0 from
LDOS(rA), a beating pattern composed by a pair of
wave packets is revealed in ∆LDOS(rA) as shown in
Fig. 3(a) for the armchair direction. For sublattice B, the
beating pattern of ∆LDOS(rB) exhibits even more pro-
nounced amplitude as shown in Fig. 3(b). Despite of the
moderate amplitude within ∆LDOS(rs) revealed by the
simulations, we stress that the differential conductance
∆G ∼ 2 e2h Γtip∆LDOS(rs) [14] is indeed the quantity
measured by the STM probe, where Γtip is the graphene-
tip coupling. By moving vertically the tip towards the
graphene sheet, such a coupling increases and leads to
the enhancement of the signal, thus allowing its exper-
5imental detection. Additionally, we point out that the
unpronounced magnitude of the LDOS reported here at-
tests the signature of a long-range perturbation induced
by defects as that previously observed in a similar system
composed by graphite and adsorbed molecules [30].
In both sublattices of the system considered in Fig. 1,
the localized states E1dσ = E2dσ = −0.09D of the
adatoms are characterized by Fano lineshapes (see inset
of Fig. 3(a)). Remarkably, the position of localized levels
becomes renormalized and are given by E˜1dσ = E˜2dσ =
−0.03D (inset of Fig. 3(a)), due to the anomalous shifting
E3
t2 within Σ11(22)(d) [14]. As for the zigzag direction, al-
though the multilevel structure is clearly observed, beat-
ing patterns are absent in ∆LDOS(rs), see Figs. 4(a)
and (b). Such observations suggest that the forma-
tion of beats in the ∆LDOS(rs) of graphene is highly
anisotropic. These phenomena arise from the interplay
between the anomalous broadening |E|
3
t2 of ∆LDOS(rs)
and the oscillations within qjr and Fjr, provided by Fano
and Friedel effects respectively, which are enhanced by
such a broadening.
Moreover, in the domain of large inter-adatoms separa-
tions as considered here (m = 2p and p 1), the damp-
ing nature of the Friedel oscillations prevails in the LDOS
and the direct terms ∆LDOSjj(rs) overcome the crossed
∆LDOS(rs)jl when j 6= l within Eq. (17), thus resulting
in patterns for ∆LDOS(rs) dictated by the superposi-
tions of waves shaped by the Fano-like expression of Eq.
(18). Thereby, depending on the direction in graphene,
such waves can yield beating patterns and a multilevel
structure as the aftermath of the interference between
∆LDOS11(rs) and ∆LDOS22(rs), since ∆LDOSjj(rs)
encloses information on the electronic wave of the host
scattered by the jth adatom.
Conclusions.- In summary, we have proposed an exper-
imentally friendly setup based on monolayer graphene
in which the long-range correlations between distantly
placed adatoms can be detected. We predict that the in-
terplay between Fano and Friedel terms nearby the Dirac
points leads to a multilevel structure and anisotropic
beating patterns in the LDOS, which can be detected
by STM measurements.
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